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1. INTRODUCTION 
The wave equation, or the Helmholtz differential equation, has been the 
subject of intensive study in a number of situations in physics and engineering. 
The analysis of the structure of solutions of the wave equations in inhomo- 
geneous media, both in classical and quantum mechanical situations, has 
given rise to a vast growth of literature dating back to the times of Hughens, 
Stokes, Luneberg, etc. The use of functional equations which transform the 
complex physical processes into iterations of simple physical processes lead 
to a unified view of any transport phenomena with boundary conditions 
relating to particle transport or wave propagation. The analytical tools that 
are fundamental to the analysis are the principles of invariant embedding [l], 
together with functional equations which may be formulated using the locali- 
zation principle [2]. A clear understanding of interactions of the propagating 
entity with the medium in each local region lead to the enunciation of the 
transport equations with suitable boundary conditions. Instead of con- 
centrating on the internal fluxes of particles or waves, functional equations 
for the reflected and transmitted fluxes can be written down employing 
embedding principles. The advantage of this procedure lies m the fact that 
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boundary value problems are converted into Cauchy problems which can be 
easily tackled to arrive at numerical results using a digital computer. Problems 
of neutron transport and radiative transfer were studied extensively in [3] 
in this fashion. 
In [a] functional equations relating to wave propagation through inhomo- 
geneous media were obtained. It is also important to study these interactive 
processes by labeling the solutions to the functional equations by the number 
of some type of interactions or scattermgs undergone by the fluxes inside the 
medium [5]. This leads to a linearization of the functional equations which 
are otherwise nonlinear Riccati equations. This also enables us to examine 
some analytical features of the solution. 
Bremmer series [6] are solutions of the wave equations relating to fluxes 
inside the medium and are labeled by the number of reflections they have 
suffered before reaching the point of interest in the medium. In this paper 
we wish to relate the solutions of the functional equations characterized by 
the labeling mentioned above to the Bremmer series solutions. Moreover, 
we are interested in obtaining the functional equations for wave propagation 
with internal sources and obtaining the Bremmer series solution for such a 
situation. To our knowledge this extension has not been carried out. 
In Section 2 we write down the transport equations governing wave propa- 
gation through inhomogeneous medium and obtain equations for the reflected 
and transmitted fluxes. We also characterize the fluxes by the number of 
scatterings they have undergone and obtain the Bremmer series solutions 
for the internal fluxes. In Section 3 we treat wave propagation in an inhomo- 
geneous medium with internal sources and obtain the Bremmer series solu- 
tions. 
2. TRANSPORT EQUATIONS 
We consider a wave described by the Helmholtz equation traveling inside a 
medium whose refractive index is a function of the position in the medium. 
The medium extends from say 0 to L, and the wave equation is 
(CPU/&~) + k2(t) u = 0, O<t<L, (1) 
(d%/@) + ko2(t) u = 0, t GO, (2) 
(d2u/dt2) + k12(t) u = 0, t >,L. (3) 
We shall assume k, = k, a constant, in the following. We can even imagine 
the medium to be semiinfinite, L = co, as Bremmer did. The above equation 
relates to a steady wave. If the solution at the end 0 is ezxot raveling in the 
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positive direction t impinging at 0 with unit amplitude the total wave due to 
reflections from the portion of the inhomogeneous medium beyond is: 
u = e%t + Re--rkot for t < 0, (4) 
where R(0, L) is a functional of the length of the medium from which reflec- 
tions are bounced off, it is called the reflected flux coefficient due to umt 
incident flux at 0. The wave outside the interval can be represented by 
u = T(O,L) e’“” for t 2 L, (5) 
where T is called the transmitted flux coefficient given rise to by the unit 
incident flux at the end 0. 
Inside the medium the total wave at any pomt t can be written as the sum 
of two fluxes traveling in opposite directions 
u(t) = x(t) + y(t), O<t<L. (6) 
Let x(t) refer to the wave traveling to the right andy(t) to that moving towards 
the left at the point t inside the medium (Fig. 1). 
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The interactions of the traveling waves with the medium can be described by 
saying that when the wave meets with discontinuities m the medium, part 
of it gets transmitted and part reflected back at each portion A of the medium. 
Considering the “principle of localization” [2] we can describe the two way 
transport inside the medium by assuming that the right going wave at t has a 
transmission coefficient (1 - ad) and a reflection coefficient bA [7]. Similarly 
the left going wave at t gets (1 - CA) y(t) transmitted to the left and dAy(t) 
reflected back, when it hits the region A. The usual arguments presented m 
[8] yield the transport equations 
C?(t) = --ax + dy, (7) 
j,(t) = cy - bs, O<t<L, (8) 
with the boundary conditions given by 
r(O) = 1, y(L) = 0. (9) 
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The ratio of the reflected to the incident amplitude at the point t for the right 
going wave is 
bd = [k(t) - w + 41 @A _ --K’d 
[k(t) + k(t + 41 --a-* 
For the transmitted ratio we have 
(1 - ad) = [2&)/k(t) + k(t + A)] f?kA 
= [l + (ik - k’/2k)A]. 
(11) 
By a similar argument we obtain the c and d coefficients for the left going 
wave given by 
c = -(ik + k’/2k), (12) 
d = k’/2k. (13) 
Hence the transport equations (7) and (8) become 
i(t) = (ik - k’/2k) x + (k’/2k)y, (14) 
j(t) = -(ik + k’/2k)y + (k’/2k) x, (15) 
with the boundary conditions expressed by (9). 
If we call the point 0 as the point t = z for the condition y(L) = 0 
Y(Z) = R(& 4 4.4, (16) 
we easily obtain for R(z, T), the reflection function, the following differential 
equation 
R’=-b+(a+c)R-RdR (17) 
with R&L.) = R(0) = 0, when the length of the medium is zero. With the 
values of a, b, c, and d given above, this becomes 
fi = (k’/2k) (1 - R2) - 2ikR2. (18) 
This is the equation obtained in Ref. [4]. The transport equations (7) and (8) 
with the value of a, b, c, and d given by (IO), (12), and (13) clearly indicate 
that the constant of motion is the quantity [9], 
k%x - kyy = const. (1% 
This is the expression for current conservation at each point t. x and p are 
the complex conjugates of x and y. Expressing the fact that at each internal 
point t, 
r(t) = W - t) 4th (20) 
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with the condition y(L) = 0, we can see from the conservation relation (19) 
that R satisfies the equation, (assuming k to be real). 
(K/24 (a + R) = (RR’ + R’R)/(l - RR). (21) 
It is easily seen that it does so from Eq. (18) a being the complex conjugate 
of R. This equation has other physical consequences when T(0, L) = 0 or 
fTR = 1. We will not go into this in this article. The conservation relation 
tells us that 
R[l - i7(L - t) R(L - t)] sx = const = M. (22) 
If we evaluate the left-hand side at the end t = 0 when x = x(0) and equate 
it to the value of M at right end t = L, since y(L) = 0 we have 
(1 - RR) = T(L) T(L). (23) 
This means 1 - 1 R I2 = 1 T 12, and if T = 0, 1 R j2 has to be unity. We will 
not analyze this here. 
3. FINITE ORDER SOLUTIONS 
In Ref. [7] we treated a Riccati equation similar to (17) and achieved a 
linearization of the problem. This type of linearization offers great dividends in 
dealing with all types of interactive processes [5]. The present situation is a 
classic instance in which we can characterize the beam by the number of 
reflections it has suffered due to the drscontinuities in the refractive mdex 
inside the medium. We can adopt two types of analysis depending on our 
needs. As we did in our paper [7], we can concentrate on the emerging beams 
and categorize them according to the number of reflections they have suf- 
fered inside the medium before coming out. Alternatively, we can introduce 
the concept of the number of reflections suffered by the left- and right-going 
beams insrde the medium and specifically label the beams in the transport 
equation (7, 8) itself as Bremmer did. From the emerging coefficients labeled 
according to the number of reflections we can also compute the internal 
intensities of the two beams. Both these procedures yield the famous Bremmer 
series solutions as we shall see. 
It has been shown in reference [7] that the mternal intensities x(t) andv(t) 
can be expressed in terms of the emergent functions R, T, p, 7. Where p 
and 7 refer to the emerging functions for incidence on the right end. For the 
boundary conditions we have assumed the internal intensities r(2n) and 
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~r(~~+l), the right-going and left-going beams having suffered 271 and 2n + 1 
reflections respectively, are expressed by 
n-1 
X(24 = Tyt) x(0) + 1 p+l'(t, o)y(2m+l'(t), r=(n-m- l), 
Wl=O 
(24) 
y2n+l'(t) = 5 p~-~'+l'(4 L) 3$2m, (25) 
m=0 
where the superscripts have the usual meanings. It can be shown either by 
the imbedding arguments (10) or by generalized Riccati transformations that 
when t is varied in the positive direction we obtain the following relations 
dzw+l’(t, L) n-1 
dt 
= -bqn, 0) + (a + c) ~(2n+l’ - 1 @(n--m’4 dR@m+l’, 
?lZ=O 
wn+l’(L, L) = 0, 12 = 0, 1 ,..., co. (26) 
dpQn+l’(t, 0) n-1 
dt 
= da@, 0) _ /,'2?~+1'(~ + c) + c p(2(n-m-l'+l'~p(2m+l', 
W%=O 
pm+l'(O, 0) = 0, n = 0, 1, 2 ,..., co. (27) 
dTf2”‘(0, t) 
dt 
n-1 
= -&'(2n' + c p2(n-m-l'bT(2m', 
m=0 
T(2n’(0, 0) = a,., , n = 0, 1, 2 ,.... (28) 
With these definitions it is easy to see that if we differentiate (24) and (25) 
with respect to t we obtain 
(dx/dt)(2n’(t) = -ux(2n’(t) + dyt2+l’, (29) 
W/4 (2n+l' = Cy(2n+l' _ bX(2n' (30) 
To see this clearly if we write down the first few orders of x(2n) and yIBn+l), 
we can deduce by induction Eqs. (29) and (30). We have for x0(t) 
x”(t) = TO(O, t) x(O) with x(0) = 1, (31) 
and with 
dx”(t)/dt = --aTO (32) 
and we have 
x(o)(t) = [%I”’ exp i Jotk(s) ds, (33) 
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which is the WKB-solution. Similarly 
y’(t) = Rl(t,L) TO(t), (34) 
(dRl/dt) (t,L) = --b + (a + c) Ii’, (35) 
with R’(L,L) = 0. Substituting values of Rl(t, T) obtained by Integrating 
(34), we have 
df’(0)x(t’) exp i r t’ k(s) ds. (36) ‘t 
If we now write down the equation for @j(t) we have 
d2’(t) = T’“‘(0, t) x(0) + pyt, o)y’“‘(t), 
dxc2)(t)/dt = --a~‘~‘(t) + dy”‘(t) - $(a + c) y’l’ + p’l’[b + dR’l’/dt] IF. 
(37) 
Since 
(dR(l)/dt) (t,L) + b = (u + c) R(l), (38) 
we have 
dxf2’(t)/dt = --a~‘~‘@) + dy”‘. (39) 
Similarly we have 
yt3’(t) = Rt3)(f, L) .f”)(t) + R’l’(t, L) xt2)(t). w 
Differentiating both sides using Eq. (39) together with the differential equa- 
tions for R, we obtain 
y(3)(t) = cy’3’(t) - W’(t). (41) 
Thus in general we have 
&2”‘(t)/& = -ux(2n) + dy(2n-11, 
dyc2n+l,/& = Cy(2n+l) _ &(2n), (42) 
with x(~~)(O) = A,,,; y(2n+1)(L) = 0 for n = 1, 2, 3,.... 
These could easily be argued from the fact that change in X(~“) is due to 
the forward transport --a~(~~) and the reflection from the dyc2+l), from 
(2n - l)th-order beam by the scattering at t indicated by the coefficient d 
thus making the total reflection 2n. Similar argument leads to y(2n+1) equa- 
tions. The solutions of these internal intensities 
1 
x(2n’(f) = 2[&)]1/2 s t d k’(s) o s[Ko11/2y s c2+l)(s) exp i 1 t k(s’) ds’, (43) 
Y @n+l)(t) = - 2[K(:)ll,2 s” ds --!!f& Sri)(s) exp i Its k(s’) ds’, (44) 
t [k(s)]l/” 
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for the boundary conditions we have. These are exactly the same as Bremmer 
series solutions if we allow L to tend to infinity. Thus we have shown that our 
finite-order emergent solutions are exactly Bremmer-series like solutions 
outside the interval 0 to L. Hence the convergence conditions for the emergent 
solution follow automatically for y(0) and x(L) by suitably modifying the 
arguments. The total solution inside is 
u(t) = f v(y) + f y(2n+1yt) = x(t) + y(t). (45) 
T&=0 ?%=O 
The coupled integral equations for x and y are 
y(s) exp i lt k(s’) ds’, (46) 
k’(s) 
y@) = - &)]1,2 1” ds ~ Pw’2 
x(s) exp i 
s 
’ k(s’) ds’. (47) 
t t 
We can also derive the integral Bremmer relations from the iteractive 
relations (24) and (25) without deriving the differential relations for ~~~~~ and, 
y(sn+l) as was done above. To this end we start with 
.(O)(t) = P’(t) 
= [s]1’2 exp iJo’ k(s) ds, 
since T(s) satisfies Eq. (32). Similarly y(l)(t) is given by 
y(l)(t) = R’l’(t, L) .(O)(t) --I s L d k’(s) = 2[k(t)]“” s ~ x(O)(s) exp i ’ k(s’) ds’, t Mw2 s t 
since R(r)(t, L) satisfies Eq. (38). 
Let us write Xc2)(t) as 
x(2’(t) = F’(t) + pyt, 0) y(l)(t) 
= [P’(t) Fqt) + pyt, 0) R’l’(t, L)] Tyt). 
(48) 
(49) 
(50) 
From the differential equations satisfied by po)(t, 0) and R(l)(t, L), we have 
,dl’(t, 0) iP(t, L) = j-” ds[#l’(s) + R’l’(s, L)] d(s). 
0 
(51) 
WAVE EQUATION WITH SOURCES, IMBEDDING, AND BREMMER SOLUTIONS 25 
From the equation for Tt2)(t), we have 
lot dSf+(S) d(s) = - jot [y + &2’] T(O)-’ ds. (52) 
Hence Eq. (50) reduces to 
d2’(t) = TO’(t) Jot dsP’(s, L) d(s) 
= T(O)(t) 1’ dy”‘(t’) T(O)-‘(t’) dt’. 
0 
(53) 
This is the same as expression (43) with n = 1. 
Now let us write down yt3)(t) as 
y(S)(t) = W(t, L) .(O)(t) + R’l’(t, L) x(2)(t) 
= T(O)(t) [W(t, L) + W’(t, 15) jot dsW’(s, L) d(s)] . 
(54) 
From the differential equation for Rf3)(t, L) we find 
lF3)(t,L) = - exp [s,” (a + c) ds] j-; W’(s, L) d(s) W(s, L) 
(55) 
x exp [loS(u + c) ds’] ds. 
The integral in (55) when integrated by parts, gives a term which cancels 
the second term 
Rl(t, L) 1 d.dP)(s, L) d(s) exp [IoS (u + c) ds’] 
in Eq. (54) leaving us with the result 
yt3’(t) = -T(O)(t) exp [Jo” (a + c) ds] 
[ f 
t 
x dsb exp [ - Jo’ (u + c) ds’] Jo’ dW(t’, L) dt’] (56) 
= - ex: [J: c(s) ds] 1: dsb(s) xc2)(s) exp [- J: c(s’) ds’] . 
This coincides with expression (44) when tt = 1. Thus we can find the same 
expressions for the higher order x(t) and y(t) solutions from the expressions 
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(24) and (25) yielding the internal solutions in terms of the emerging coeffi- 
cients without going through the differential equations. 
4. WAVE EQUATION WITH A SOURCE TERM 
Let us consider the wave equation with a source term with the same type 
of boundary conditions we had earlier. Let 
uv + k-34 =f(t). (57) 
The transport equation when the source term is present is not quite obvious. 
To use the same type of arguments we developed earlier let us analyze the 
effect of the source term. In writing a particular solution of (57) we first 
compute G(t, t’), the Green’s function, and obtain the solution for the 
amount of amplitude produced at t. The function G(t, t’) is that solution 
produced by a unit source at t’. Hence, we are led to calculate the integral 
J- G(t, t’)f(t’) dt’ over the interval. Arguing in a heuristic fashion, we may 
imagine because of the localization principle that in each interval of length d, 
[t’, t’ + d] the amount of wave amplitude produced at each end of d to be 
G(t, t’)f(t’) d. Inside the medium of length d, for the wave equation with 
wave number K corresponding to the d region the green’s function corre- 
sponding to free boundary conditions at the ends of A, may be taken to be 
e*zk4/2ik, giving rise to beams going in either direction depending on the sign 
in the exponential. Since the amount in each interval is proportional to A 
(assuming k to be constant in that interval), we have the transport equations 
k = -ax + dy +f(t)/2ik, 
j = cy - bx -f(t)/2ik. 
(58) 
(59) 
If we differentiate this set again, we obtain after substituting the values of 
a, b, c and d, the second-order equations we started with, namely 
(u” = i + ji) + k2(t) [u = x + y] = f(t). (60) 
Now we can adopt the technique of considering the finite-order reflected 
beam going in either direction. In the absence of source term we can have 
only x of even order and y of odd orders for the given boundary conditions. 
However, since the source always produces in either direction a beam of zero 
order in reflections, we have 
P)(t) = -a@) + dy(+l) + [f(t)/2ik] 6(n, 0), 
pyt) = cy tn) - bx(n-l) - [f(t)/2ik] s(n, 0), 
(61) 
(62) 
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with the boundary conditions 
e(O) = qn, O), 
y’“‘(L) = 0 for all n. 
As before we find the nth order x and y solutions successively 
(63) 
x(O)(t) = jot ds & exp 
s 
tS a(t’) dt’ + exp 
1 
= 2[k(t)]‘l’ I 
t ds f(s) . 
i[k(s)]‘l’ exp z s 
t k(f) dt’ (64) o s 
+ [$$--I “* exp i Jl R(s) ds. 
Similarly 
Ye’(t) = 2[k(:)11,2 j” dt’ iL4f;;1,2 exp i J;: k(s) ds, (65) 
t 
x(l)(t) = 1 
s 
t k’(t’) 
2[k(t)]‘l” o [k(t’)l’l2~‘~‘(t’) exp i .$I k(s) $ dt’, (66) 
Y”‘(t) = - 2,k~~~ll,2 I” dt’ $$ xco)(t’) exp i j”’ k(s) ds. (67) t t 
It is now a simple matter to see that for each n 3 1 
x+)(t) = 
1 
I 
t k’(f) 
2[k(t)]‘l” 
___ dt’y(+l)(t’) exp i jt: k(s) ds, 
o [k(t’)]‘l” (68) 
y(n)(t) = - 1 
2[k(t)]“” r 
L dt, k’(f) n >, 1. 
. t 
~ .dn-l)(t’) exp z !]” k(s) ds, 
[k(t’)]‘l” 
(69) 
The total solution at each point is 
u(t) = 5 ctyt) + 5 y’“‘(t) + x(t) = y(t). (70) 
?I=0 ?l=O 
This is equivalent to two coupled integral equations 
x(t) = .(O)(t) + 1 
I 
t dt, k’(f) 
WW’” o [k(t’)l’iaYP’) exp i jt; k(s) A, (71) 
y(t) = y(O)(t) - 2,kt~lll,2 jL dt’ &x(f) exp i 1” k(s) ds. (72) t ‘t 
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This is in contrast to the usual coupled integral equations for wave equation 
without sources, namely (46) and (47). It is easily checked that all odd orders 
of xn and even orders of y” go to zero asf(t), the source term, goes to zero. 
If we are interested in the emergent radiation from the end 0, we can use 
the imbedding method. From the generalized Riccati transformation, defining 
the beam coming out of the end 0 as o(O,L), and writing 
o(0, L) = R(O, q x(O) + s&q. (73) 
We obtain for R the reflection due to the input amplitude at 0 the equation 
with 
I?=-b+(a+c)R-RdR 
R(0) = 0. 
(74) 
We obtain for the emergent radiation due to the sources inside the equation 
with 
9, = cSl - RdS, - Rf/2ik - f /2ik (75) 
S,(O) = 0. (76) 
Finite-order R(2n+i) and S, tn) functions can be defined satisfying the equations 
h-1) 
a(%~+l)(t,L) = -&(n, 0) + (a + c) R(2n+l) _ 1 R(2(n-m-l)+l) &(2m+l). 
m=O 
(77) 
We split S, function as odd and even orders and write separately 
n-1 
pd = ,cI32n) 
1 1 
-Lo 
R(2m+1) &&Z-d) 
(78) 
and 
3(2Ta+1) = ,cy2n+1) 
1 1 
_ z; Rh+l) dC$h--m-1)+1) _ R(2n+1) & . (79) 
Because of the initial condition on Sr) given below, we see that S,(L) will 
be nonzero only if f is non-zero. 
R(2n+1)(()) = 0, S,‘“‘(O) = 0, n = 0, l,.... (80) 
6(n, 0) is the Kronecker delta function. The equation for R is the same as 
before in Eq. (26) while the S, equation reads 
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The transmitted amplitude u(L) is given by 
u(L) = T(O,L) x(0) + S,(L). (82) 
Employing the imbeddmg method we obtain equations for T and for S, 
the beam beyond t = L produced by the sources inside the medium. We have 
for T and S, 
dT(t,L)/dt = aT - RdT (83) 
and 
dS,(t, L)/dt = - (f/2ik) T - S, dT (84) 
wtth S,(L, L) = 0 and T(L, L) = 1. Finite-order Tczn) and Sin) functtons are 
given by 
dyt2n' (LJ) = aT(2n, _ "c' R(Pm+l) dT(P(n--m-1)+1), 
7X=0 
Ttzn)(L, L) = S(n, 0). 
As before we will write separate equations Sizn+‘) and Sk”) 
dS’2d n-1 2 = 
dt 
f 742n) 
2ik 
- Lo T2”’ d,‘+(“-“-)) 
(85) 
WI 
and 
d‘++l) n-1 
2 = -m=O lx 7424 dS;'"-WI'+1 SF'(O) = dt , 0, n = 1, 2, 3 ,.... (87) 
Thus the finite-order emergent fluxes with source terms can be computed by 
the above method to any desired order. 
In conclusion, we want to point out that the Bremmer series soluttons and 
the coupled integral equations for the wave equations with source terms 
have not been written down earlier. These results give us a method of treating 
multidimensional wave propagation and propagation in function space which 
will be presented in subsequent papers. It becomes a matter of identifying 
the appropriate operators and propagators and then writing the corresponding 
relations. 
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